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Parametric controls for modular quantum computing and quantum devices

Pinlei Lu, PhD

University of Pittsburgh, 2022

In superconducting quantum information, qubits are made from low-loss superconduct-

ing capacitors, inductors, and transmission lines in combination with nonlinear Josephson

elements. In superconducting circuits, the Hamiltonian of the system is very flexible, allow-

ing us to build very nonlinear circuits, like qubits, or very linear circuits, like parametric

amplifiers, or anything in between, simply by changing the size of the Josephson junctions

we use. The challenge is both to explore which circuits are feasible to realize in the labora-

tory and embody just the right Hamiltonian to result in a desired quantum behavior. On

the other hand, parametric controls, as an approach acts on the Hamiltonian parameter,

provides even more potential of realizing different quantum devices for various scenario.

This dissertation begins with a discussion of the theory and simulation of quantum

superconducting circuits, including circuit quantum electrodynamics and electromagnetic

simulation. It next covers the nano-fabrication techniques I used during my PhD. It also

contains a review of microwave measurement techniques for quantum circuits.

The thesis next details the experimental realization of a simple, two-mode, quantum-

limited, Josephson junction based frequency comb, including both the theoretical analysis

on the instability of the circuits and the experiments on frequency and time domain.

More, we have extended the Hamiltonian engineering techniques to realize a paramet-

rically driven, modular architecture for coupling superconducting qubits. We have realized

a ‘tree’ of microwave modes, which can mediate long-range interactions between individual

bits by a series of parametric interactions. This architecture, in contrast to the current re-

liance on the field nearest-neighbor interaction, realizes a far denser of network of interaction

between qubits, and thus makes the challenge of achieving large-scale quantum machines less

daunting.

In the end, my research has shown that devices that are thought of as very different

(qubits and amplifiers) can be built and controlled very similarly. In ongoing work detailed
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in the final sections of this thesis, we have used our growing command of parametric control

and Hamiltonian engineering to extend the idea of many-to-many connections among modes

via a central SNAIL to realize a 4 transmon ‘quantum module’.
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where Q is the charge on the capacitor and Φ is the flux threading the inductor. Here the

definition of charge and flux are inherited from classical circuit, where Q(t) =
∫ t

t0
I(t′)dt′ and

Φ(t) =
∫ t

t0
V (t′)dt′ where the voltage and current are zero at time t0.

Very naturally, this expression gives us an analogy of a mechanical oscillator with conju-

gate variables Q and Φ. Therefore, quantization will automatically apply to the Hamiltonian

with the commutation relation:

[Φ̂, Q̂] = iℏ (2)

Then, it is useful to further introduce the standard annihilation â and creation â† operators

of the the LC oscillator, where they have been defined as:

Φ̂ = ΦZPF(â
† + â) Q̂ = iQZPF(â

† − â) (3)

with the characteristic magnitude of the zero-point fluctuations of the flux ΦZPF =
√

ℏZr/2

and the charge QZPF =
√

ℏ/2Zr. Now, the Hamiltonian can be rewritten as:

ĤLC = ℏωr(â
†â+ 1/2) (4)

with eigenstates â†â |n⟩ = n |n⟩ for n = 0, 1, 2, .... Here, I want to emphasize that after the

quantization of circuit, â† physically creates a photon of frequency ωr stored in the circuit,

and â destroy one.

Till here, we have completed quantization of LC oscillator. Before we move on, the very

first question we ask is that is it possible to operate the circuit in a regime where quantum

effects are important? For this to be the case, there are at least two conditions that must

be satisfied:

First, the system need to decouple enough from the noisy world. In other words, the

quality factor Q = ωr/κ, where κ is the bandwidth of the cavity, should be big enough that

the energy levels are much narrower than their separation.

Second, the temperature of the system needs to be low enough. We should keep in mind

the truth that, 1GHz × h ∼ 50mK × kb, and the thermal energy kbT of the environment

should be way much smaller than the energy separation ℏωr.

With these two conditions satisfied, a simple LC oscillator can be operated in the quan-

tum regime, which means that the circuit can be initialized in its ground state |n = 0⟩ by

waiting for several times (∼ 5) of photon lifetimes Tκ = 1/κ.
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2.1.1.2 Josephson junction (JJ) and JJ-based qubit

Now we can introduce some non-trivial elements into the system. Here, ‘nontrivial’

comes from the fact that even though the oscillator we discussed above can be prepared in

the quantum mechanical ground state, it is still very hard to directly observe clear quantum

behavior. Or in quantum computation language, without some degree of nonlinearity, en-

coding and manipulating quantum information in such system becomes almost impossible.

Fortunately, now we can introduce one of the most important elements in superconducting

circuit, Josephson junction (JJ), with decent nonlinearity while avoiding extra losses.

Here, I’m going to skip most of the details of the JJ, but emphasize two important

Josephson relations:

I = Ic sinφ (5)

V =
Φ0

2π
· dφ
dt

or φ(t) = 2π
Φ(t)

Φ0

= 2π

∫
dt′V (t′)

Φ0

(6)

where the first one indicates the relation between supercurrent I and the phase φ difference

between the superconducting condensates (superconducting order parameters), here Ic is

the junction’s critical current. And the second one reveals the time dependence of the phase

different related to the voltage across the junction, where Φ0 = h/2e is the flux quantum.

Notice here, sometimes, we can see ϕ0 in other articles, where ϕ0 = ℏ/2e represents reduce

flux quantum. And another thing here, superconducting phase φ is a compact variable,

φ = φ+ 2π, and Φ can take arbitrary real values with ‘mod 2π’.

Taken together, Josephson relation actually connect current I and flux Φ, where geo-

metric inductance has a very similar relation: Φ = LI. For this reason, we also treated

Josephson junction as a nonlinear inductor with following inductance:

LJ(Φ) =

(
∂I

∂Φ

)−1

=
Φ0

2πIc

1

cos (2πΦ/Φ0)
(7)
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Figure 5: SNAIL expansion coefficient. Assume α = 0.25 and EJ = 1, we numerically

calculate all coefficients with different external flux threading the SNAIL.

φ̃ =

√
ℏ
2
Zeff

(
a+ a†

)
(18)

In order to easily compare all terms’ magnitude later, here we explicitly write down all

the expansion of 2nd, 3rd, 4th order terms in the Hamiltonian.

c2

(√
ℏ
2
Zeff

)2

(a† + a)2 + c3

(√
ℏ
2
Zeff

)3

(a† + a)3 + c4

(√
ℏ
2
Zeff

)4

(a† + a)4

= c2
ℏ
2
Zeff

(
2a†a+ a†a† + aa+ 1

)
+ c3

ℏ 3
2

2
√
2
Z

3
2
eff

(
a†a†a† + 3a†a†a+ 3a†aa+ aaa+ 3a† + 3a

)
+ c4

ℏ2

4
Z2

eff

(
a†a†a†a† + 4a†a†a†a+ 6a†a†aa+ 4a†aaa+ aaaa+ 12a†a+ 6a†a† + 6aa

)
(19)

As we can see, there are multiple nonlinear terms in the Hamiltonian which may matter

during the parametric process. I’m going to pick up several reasonable parameters and insert

into the expression to compare the magnitude of these terms with external flux.

Assuming α = 0.25, ωs(φext=0) = 5(2π)GHz, EJ = 2.166 ∗ 10−22 (LJ = 0.5 nH). Then

we first can plot the modulation of SNAIL with flux:
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ω0a†a

κ int
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0
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0

κext
0

ω0a†a
a
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κ int
κext

0

κext
1

b)

d)

Figure 8: Cavity measurement (steady solution). a, c) Classical circuit representation

of an RLC oscillation, where Z0 is the transmission impedance, V +
0 , V

−
0 are signal sending in

and coming out, separately, and V +
1 is the output of another port. b, d) Quantum schematic

representation of a linear mode, where the frequency is ω0, and the mode is represented by

operator a; ain, aout represent the input and output for each port.

V −
0

V +
0

=
R + j 2L∆− ω0L/Qext

R + j 2L∆+ ω0L/Qext

=
ω0(1/Qint − 1/Qext) + j 2∆

ω0(1/Qint + 1/Qext) + j 2∆
(22)

At the same time, we can also derive the relation in quantum representation. Notice here

the decay rate of each port is κ = ω0/Q. We start from equation of motion and input-output

theory:

˙̂a =
i

ℏ
[Ĥsys, â]−

κ

2
â+

√
κextâin

âout = âin −
√
κextâ

(23)

For the Ĥsys, we only consider it as a linear oscillator, where Ĥsys = ω0â
†â. For the Heisenberg

equation of motion, we want to add a comment here: The equation itself describes the time
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Figure 9: Reflection measurement of cavity (frequency domain). a) Vector Network

Analyzer (VNA) is usually used for measuring steady state in frequency domain. b) Three

different classical port coupling: under-couple, critical-couple and over-couple. For the com-

plex part, we choose plus sign to match the result coming from VNA.

Similar idea for the transmission response. Here we skip the classical method, and use

the quantum method to derive it again. Assume the signal send into port 0, and calculate

both output from port 0 and port 1:

˙̂a =
i

ℏ

[
Ĥsys, â

]
− κ

2
â+

√
κ0ext

â0out = â0in −
√
κ0extâ

â1out =
√
κ1extâ

(27)

Then, the same Fourier transformation apply on the first equation and substitute â as

propagation operators, and following two equations can be derived:

â0out[ω] = âin[ω]

(
κint + κ1ext − κ0ext − 2i∆

κ− 2i∆

)
â1out[ω] = â0in[ω]

(√
κ0extκ

1
ext

κ− 2i∆

) (28)
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𝑄𝑎
𝛷𝑎

𝑄𝑏

𝛷𝑏

𝑄𝑐
𝛷𝑐

3-mode
coupler

Figure 14: Parametric coupling overview. A classical three-wave mixing device. All

three modes have been coupled together via the three-mode coupler in the middle. Thus,

three-wave mixing terms are across the whole system with all combinations

SC1 C2

Figure 15: Schematic representation of three-body parametric system. C1 and C2

are two linear modes which are both coupled to the center SNAIL mode.

modes. Next, for the nonlinear term, the dressed modes automatically inherits all third order

nonlinearity with different coefficients. There are totally 24 different nonlinear terms after

we expand the bracket, but most of them are relatively small in the rotation frame without
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uniformity of the result. Here, due to the fact that we are going to go through several strong

acid procedures, we have chosen AZ1518 as our mask.

One important thing to remember for spinning the resist is that you want absolute

uniformity and consistency every time you execute the procedures. The recipe we are using

is following:

Table 1: AZ1518 spinning recipe

Step Description

1 20s 500 RPM with 100 RPM/s

2 20s 1000 RPM with 100 RPM/s

3 90s 4000 RPM with 500 RPM/s

4 30s 0 RPM with 500 RPM/s

5 Bake on hot plate at 100 ◦C for 3 mins.

And for uniformity’s consideration, the center of the round wafer need to be put at the

center of the spinner using an aligner; for non-round shape wafer, a pre-deposited marker

can be used to keep the same position for each spinning.

Then, optical lithography. Immediately after spinning the resist (to prevent any

unnoticed exposure on the resist), a direct photolithography can be applied on the sample.

In our lab, we have used the Heidelberg MLA100 direct write lithographer to carry out the

process. One thing to notice here is that an inverse pattern is written on the chip, which

means unwanted metal will be etched away in the later process. After that, by immersing

the chip in the AZ300 MIF solution at room temperature for 85 seconds followed by rinsing

in DI water for 30 seconds, the chip can be properly developed. Before we move on, we

generally bake the chip again at 115 ◦C for 2 minutes to keep the sample dry.

Metal etching. After putting the inverse mask on top of the metal we have deposited

on the substrate, we can etch the unwanted metal away. In order to clean any residues

coming from previous steps, we first put the sample into the plasma asher to let oxygen

plasma remove hydrocarbons. Here, the asher has been set to 30 mTorr O2 with 20W/200W

RF/ICP coil power for 120 seconds. Then, based on the material we have deposited, the
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Sputtering target:
Al, Ta, Au, Al2O3...

Substrate/Sample

Substrate/Sample

Sputtering gas:
Ar, Ne, Xe, Kr

Vacuuming

Vacuuming

Ar+

Cathode with -V power source

Target atom

a) b)

Rotation
Rotation

Filament Accelerator

Target B field

Shutter

QCM
Vapor

Figure 22: Sputtering and e-beam evaporation. a) Sputtering coating. Sputtered

atoms ejected from the target impact energetically on the substrate or vacuum chamber

(causing resputtering), sometimes, magnetron is also used behind the negative cathode to

trap electrons over the negatively charged target material so they are not free to bombard

the substrate, allowing for faster deposition rates. b) E-Beam or Electron Beam Evaporation

is a form of Physical Vapor Deposition in which the target material to be used as a coating

is bombarded with an electron beam from a charged tungsten filament to evaporate and

convert it to a gaseous state for deposition on the material to be coated. Here QCM stands

for quartz crystal microbalance which is an extremely sensitive mass balance that measure

nanogram to microgram level changes in mass per unit area.

Another method of vapor deposition is e-beam evaporation, which first generates an

electron beam by a charged tungsten filament under high vacuum. Then the target metal

anode is bombarded with the electron beam (e-beam) to transform into the gaseous phase.

These atoms then precipitate into solid form, coating everything in the vacuum chamber

(within line of sight).

In the end, one major difference between sputtering and e-beam evaporation is direction-

ality, where the first has better uniformity in sacrifice of directionality, and the second can

control direction precisely without any sacrifice at some level. Someone may argue e-beam
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evaporation has limitation on uniformity, however, the use of masks and planetary motion

(both rotatory and tilting motion) can mitigate this problem.

3.1.3 E-beam lithography (EBL)

Sapphire/Si substrate

MMA(8.5) MAA EL 13
PMMA 950K A4

Sapphire/Si substrate

MMA(8.5) MAA EL 13
PMMA 950K A4

E-Beam (strong dose)

Sapphire/Si substrate

Sapphire/Si substrate

Even stronger dose:

Strong dose

Sapphire/Si substrate

MMA(8.5) MAA EL 13
PMMA 950K A4

undercutundercut

Sapphire/Si substrate

Clean bridge

Spin double layer
e-beam resisit

a) b) c) d) e)

Figure 23: Double layers of resists for EBL. a) First two different resists are spun on

top of the substrate. In general, the top resist is stronger than the bottom (e.g. MMA and

PMMA); b, c) By changing the dose factor of e-beam, either both resists or only the bottom

one is removed; at the same time, proximity effect can be observed in the bottom one. d, e)

By adding undercut around strong dose, a very sharp edge can be created in bottom layer.

Also, a floating layer can be created by tuning a proper dose.

Now we’re ready for some small (< 5µm) features’ fabrication. In our lab, e-beam has

been used on resist to form a mask that is generated in a mask design software. The Raith

e-LINE system we have has a maximum accelerating voltage up to 30 kV and the area dose

we set up in the machine is 300µC/cm. The whole process has exactly the same steps as its

large feature fabrication; however, there are some details that are totally different.

First, instead of single layer resist, double layers of resists have been chosen where the

bottom one is methyl methacrylate (MMA) and the top one is poly-methyl methacrylate

(PMMA). Due to the relatively weak chemical bond, MMA is easier to remove than PMMA.

There are several reasons we have chosen these two; one of the main reason is for making a
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