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Practical, high dynamic range parametric amplification with RF SQUID arrays

Ryan Kaufman, PhD

University of Pittsburgh, 2024

High-fidelity qubit readout, which is critical for error correction in large-scale quantum

computers, requires a short and strong pulse transiting the qubit’s measurement mode which

is then processed by a necessarily high bandwidth, high saturation power, quantum-limited

amplifier. Larger quantum processors additionally employ frequency multiplexing, expand-

ing the required bandwidth by the number of channels to be amplified. Resonant Joseph-

son parametric amplifiers (JPAs), weakly nonlinear harmonic oscillators that use Josephson

junctions as nonlinear inductors, have been workhorses in enabling scaling to this point, but

they suffer from limitations in dynamic range, bandwidth, and operation with commercial

circulators or isolators that are straining their ability to further support scaling readout in

ever-larger processors. This thesis shows several methods to combat these shortcomings in

resonant JPAs. First, we show data from high saturation-power JPAs that utilize radio

frequency superconducting quantum interference device (rf SQUID) arrays to carefully con-

trol the nonlinearity of the amplifier, increasing the saturation power while still maintaining

their lauded quantum efficiency. With the success of this collaboration with scientists at

the Advanced Microwave Photonics group at NIST Boulder, we discuss time-domain qubit

measurement with these devices. Here we detail the nanosecond-to-nanosecond dynamics of

a qubit measurement, exploring how discrete samples of a qubit readout signal processed by

a parametric amplifier can best be weighted and integrated to extract the maximum amount

of information possible, especially in the context of high-power qubit readout. Lastly, we

address another limitation of reflection Josephson parametric amplifiers: their instantaneous

bandwidth. Using similar rf SQUID designs, we show how to tune the equations of motion

of a multi-pole device to create a broadband response, allowing for an increase in bandwidth

from the 10 MHz scale to the 100 MHz or even 1 GHz scale. Additionally, we will discuss

how the simulation methods used for the design of high saturation power devices can extend

to these broadened devices. Following this design process, we will detail the fabrication of
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more devices at NIST as well as measurements of a similar broadband Josephson parametric

amplifier.
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1.0 Introduction and Basic Theory

1.1 Quantum-limited readout chains

1.1.1 A good experiment requires a good sensor

The design of any good scientific experiment requires a good sensor to make a precise

and efficient measurement. In some ways, one could argue that the experiment itself is the

engineering of a good sensor. In order to build ourselves a good experiment (a good sensor),

we have to know the conditions around the observables that we would like to measure. In

this respect, quantum computing is no different as an object of experimental study than

any other piece of quantum theory. Therefore, I want to focus on the common factor of

any quantum experiment: they are all very, very “cold”. What I mean by this is that we

need to take special care to perform the experiment at temperatures that place the energies

of thermal fluctuations (≈ kbT ) well below quantum fluctuations of a harmonic oscillator

at the relevant frequency of the experiment (ℏω/2) in order to access quantum phenomena

(coherence, entanglement, etc.) and measure them effectively. In this way, we can define a

goal - a “quantum temperature” - that we strive to get as far below as possible: TQ = ℏω
2kbT

.

For transitions at 100THz, TQ = 2400K, meaning that even room temperature gives

T << TQ. However, for transitions at microwave frequencies relevant in this thesis and in

many other quantum applications, the drive is closer to the 5 GHz level, which corresponds

to TQ = 120mK. Because of this choice, we require much more careful construction of

the experimental apparatus that I will cover in this section. Not only do we need a dilution

refrigerator (not covered in this thesis) in order to get the physical temperature of the system

well below this mark, we also need to carefully send electrical signals from room-temperature

equipment to the experiment and, critically, extract a delicate electrical signal at this cold

temperature and deliver it to the comparatively “hot” room-temperature equipment. In this

section, I will cover how we do this, what can go wrong, and how the amplifiers that I

improved in this thesis are critical tools to accomplish this task. In the process of learning
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of J*Hz) referred to the output of the amplifier. This definition of added noise has the

most straightforward conceptual interpretation. Some noise was present initially, then went

in and got amplified to the output. At some point, the extra noise was added inside the

amplifier and the output noise includes this additive factor. Despite the conceptual tidiness,

it is often more convenient in the analysis of large microwave networks to play a mental

trick here, which is that adding some noise inside the amplifier has the same result as if the

amplifier was noiseless and the extra noise was at the input of the amplifier, but divided by

the gain, shown by

No = G(Ni) +Na,out = G(Ni +Na). (1.2)

This new symbol Na is the most common measure of added noise, called input-referred added

noise. We will get to a more detailed discussion of the bounds on Na shortly, but for now

I want to focus on another useful idea, which is that the input noise can (classically) be

assigned an effective noise temperature Ti within a certain bandwidth B given by

Ni = kbTiB. (1.3)

With this definition, then, the input-referred added noise can be assigned an equivalent

temperature similarly,

Na = kbTaB (1.4)

and the two can be related by the noise figure with

(F − 1)
Ni

kbB
=

SiNo − SoNi

SoNi

Ni

kbB
= (

Si

So

No −Ni)
1

kbB
=

(
1

G
(G(Ni +Na))−Ni)

1

kbB
=

Na

kbB
:= Ta. (1.5)

Or, more succinctly,
Ta

Ti

= F − 1. (1.6)

Now, I want to caution that these temperatures are not physical temperatures. They

are expressions of how much (classical, right now) thermal fluctuations would correspond

to a particular added noise power within a certain bandwidth of a brick-wall filter whose
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Ĥ =
Q2

zpf

2C
(â− â†)2 +

ϕ2
zpf

2Lt

(â+ â†)2 (1.21)

where Lt =
LLJ

L+LJ
. Follow by writing out the products

(a− a†)2 = a2 − aa† − a†a+ a†2 = a2 − (1 + a†a)− a†a+ a†2 = −2a†a+ a2 + a†2 − 1 (1.22)

and

(a+ a†)2 = a2 + aa† + a†a+ a†2 = 2a†a+ a2 + a†2 + 1. (1.23)

Putting all this into the Hamiltonian, with the capacitive prefactor called α and the inductive

prefactor called β we get that

Ĥ = 2(β − α)(a†a+
1

2
) + (α + β)(a2 + a†2). (1.24)

Moving on, we see that to match the Hamiltonian of a quantum harmonic oscillator we must

have

ℏω =
ℏ√
LtC

= 2 (β − α) (1.25)

with Z =
√

Lt/C =⇒ Lt = Z2C we can write this as

2(β − α) =
2

2C

(
ϕ2
zpf

Z2
−Q2

zpf

)
=

ℏ
ZC

. (1.26)

Rearranging the right-hand equality we get

(
ϕ2
zpf

Z
− ZQ2

zpf

)
= ℏ. (1.27)

Here we use the commutation relation

[Φ̂, Q̂] = ϕzpfQzpf

(
(a− a†)(a+ a†)− (a+ a†)(a− a†)

)
=

ϕzpfQzpf (aa
† − a†a− (−aa† + a†a)) =

2ϕzpfQzpf [a, a
†] =⇒ ϕzpfQzpf =

iℏ
2
. (1.28)
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1.3.2 Hamiltonian of a Parametric amplifier and the rotating-wave approxima-

tion

In this section I will go through the approximations we need to use to go from a Hamil-

tonian to a scattering matrix under a parametric pump. Since parametric amplifiers operate

with hundreds of photons in the amplifier, in amplifier design we mostly operate under the

working approximation that we are in the classical correspondence limit, and we can describe

everything except the noise performance by looking at the classical equations of motion with-

out any quantum mechanics needed to describe the dynamics at all. Accordingly, the utility

of this section is to remove the quantum mechanics entirely from the toolkit, but justify that

removal with a series of approximations so that we can just talk about properties of matrices

and scattering in the rest of the thesis and go back to check noise properties later.

First we start with three harmonic oscillators with lowering operators ai and frequencies

ωi in a Hamiltonian with a single three-wave coupling term.

H

ℏ
=

∑
j

ωja
†
jaj + g3(a1 + a†1)(a2 + a†3)(a3 + a†3) (1.29)

It’s important to pause here and comment on the various situations that this Hamiltonian

can represent. This Hamiltonian is written diagonalized, meaning that the three oscillators

have no direct coupling to one another. This is a surprisingly weak constraint, meaning that

it’s a very flexible Hamiltonian.

For example, if these operators represent physical resonances of a circuit, this is something

that will come out of an eigenmode EM simulation in Ansys HFSS, but not from a circuit

synthesis of coupled harmonic oscillators. Alternatively, these raising and lowering operators

do not have to represent physical resonances. They can also represent different driving

frequencies of the same resonator since raising and lowering operators are orthogonal so long

as they oscillate at different frequencies. In this case, we can think of the three-wave coupling

term as just representing three different-frequency sources (that may even be delivered from

the same physical port) of a flux drive that mix in a cubic nonlinearity.

In either case, the next step is a stiff pump approximation. We can pick whichever drive

has the highest strength and ask what will happen if its magnitude is unaffected by the other
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Figure 1.6: Tunable bandwidth conceptual diagram. Schematic of instantaneous gain of multiple
gain curves, with instantaneous bandwidth labeled as "FWHM" and the tunable bandwidth over
multiple bias points.

1.4 Common properties of amplifiers

In this section, we will go over many common properties of Josephson parametric am-

plifiers. First, we will discuss bandwidth and the distinction between instantaneous and

tunable bandwidth. Next, we will discuss input and output saturation power, why they

must be properties of any nonlinear system, and how to judge how much power a particular

qubit will require to measure. To go with this, I will also discuss intermodulation as another

consequence of nonlinear systems. Lastly, building off of the definitions of saturation power

I will discuss pump efficiency from two different angles, and how we might more efficiently

couple pump light into Josephson parametric amplifiers.

1.4.1 Instantaneous and Tunable Bandwidth

Instantaneous bandwidth describes the frequency window over which the power gain (or

any scattering parameter) varies by a linear factor of two. It also goes by the names "3dB

Bandwidth" and "Full-Width-Half-Maximum Bandwidth" (FWHM). In the case of a single-
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Figure 1.8: Common time-domain pulses and their power spectral densities. (a) Standard cut-off
gaussian pulse, here drawn out to 2.5σ on either side. (b) Power spectral density (PSD) of the cut-off
gaussian, with untruncated Gaussian approximation shown in orange dotted line. (c) Ramped-edge
square pulses with different ramping slope. In blue, a rise time that is one-tenth the pulse duration,
a decent approximation of most fast switches on a 100 ns pulse. In orange, a more conservative
ramp time set equal to the constant pulse duration. All pulses enclose the same area. (d) PSD of
the two ramped-edge square pulses.

switching the bias current and pump frequency of the amplifier to move the gain profile

within its tunable bandwidth, stopping at one qubit at a time, reading out, then moving

on. This is called time-domain multiplexing, and at small scale is certainly doable. Modern

direct digital synthesis (DDS) is capable of synthesizing JPA pump frequencies allowing

generators to change frequency very quickly (10 ns), and fast (few ns) DC current switching

is already used to drive tunable-coupler quantum processors. The biggest problem with this

method is how it scales. Common readout times of 100 ns per qubit would scale prohibitively

beyond more than 10 qubits or so, because the last qubit would have to wait longer (decay

more) before the amplifier could work its way to it, limiting its readout fidelity.

A far more scalable solution is frequency multiplexing, which takes advantage of the

fact that multiplying tones together in the time domain adds frequency components to the

signal. With this, one could multiply together multiple tones, say at 50, 100, and 150 MHz,

upconvert them all up to readout resonator frequency (say at 5.05, 5.1, and 5.15 GHz), let
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the 50 Ω termination here, so this voltage directly indicates the power dissipating at the port

via vs/Z
2
0 .

vs
vp

= ApAs +BpCs = 1 + ZpYs. (1.73)

This tells us why simply putting zeroes in the pump impedance doesn’t guarantee low

pump leakage. In fact the opposite, because it also necessarily implies that the pump volt-

age leaks directly through to the signal port unless there are also zeros in the signal-side

admittance to compete.
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Figure 2.6: (a) The biasing space of a given parametric amplifier, in this case matching the simulation
parameters of the amplifier in the main text with a shunt inductance of 15 pH, a junction inductance
of 60 pH, and a quality factor of 8.1, with 25 rf SQUIDs arrayed in series. The green highlighted
contour indicates the powers that are selected for the rest of the analysis in (b) and (c). (b)
Extracted P1dB along the green contour shown in (a). (c) Variation in pump efficiency with respect
to the bias flux.

Figure 2.7: (a) The simulated required pump power of the design space of the JPA’s in this work.
(b) A similar diagram to the previous one for pump efficiency.

efficiency drops significantly with higher quality factor and decreases yet more as one designs

for larger and larger (higher and higher saturation power) (βQ)−1. We note that despite the

simulated pump efficiency of approximately −20 dB for the parameters of our devices, the

amplifier in this work performs worse in total efficiency, only achieving approximately −40 dB
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