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Superconducting Quantum Routers, Modules, Gates, and Measurements Based

on Charge-pumped Parametric Interactions

Chao Zhou, PhD

University of Pittsburgh, 2023

Superconducting quantum circuits have emerged as very promising platforms for quan-

tum information processing. As the field navigates the Noisy Intermediate-Scale Quantum

era, we can now achieve high-fidelity quantum gates across hundreds of physical qubits.

Nonetheless, evolving from NISQ machines to fault-tolerant quantum computers still re-

quires numerous advancements in both science and engineering.

In this dissertation, I aim to contribute solutions to the challenge of realizing large-scale

quantum computers by exploring new ways to employ parametric interactions in supercon-

ducting quantum circuits. Specifically, the parametric charge-pumping scheme, activated by

directly applying microwave drives to a coupler device that is coupled to one or multiple

fixed frequency qubits, offers the versatility to execute a variety of both single-qubit and

multi-qubit quantum operations. Moreover, the parametric coupling scheme also facilitates

innovative qubit connection architectures and potential new error correction schemes.

The thesis starts with an introduction to the theory of charge-pumped parametric inter-

actions and the classical electronics setup necessary for such operations. Building on this

foundation, I showcase the potential of parametric interactions using two experimental works

conducted during my PhD. Firstly, we have realized a prototype modular structure supercon-

ducting quantum computer with parametric interactions. The design centrals a microwave

quantum state router that realizes all-to-all couplings among four independent and detach-

able quantum modules. We have performed full mode characterization, gate calibration,

inter- and intra-module photon transfer, pairwise entanglements, and even parallel opera-

tion of simultaneous iSWAP gates. This experiment illustrates the potential of parametric

interactions for building high-efficiency qubit inter-connections.

Secondly, I demonstrate the versatility of parametric interactions by performing a para-

metric transverse component readout on a transmon qubit. This experiment utilizes the idea
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of ‘multi-parametric interactions’, in which multiple parametric drives are applied simulta-

neously to a set of quantum modes, and shows that a three-wave mixing coupler device can

not only be used for quantum gates, but can also be used to perform novel qubit readouts

that can be potentially very useful in qubit error correction schemes.

In the concluding chapter, I discuss the future of the parametric coupling scheme in

larger-scale modular devices and ongoing efforts to enhance parametric coupler performance.
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1.2.1 Remaining challenges in building a scalable quantum computer with su-

perconducting circuits

Despite this progress on NISQ algorithms and continually increasing qubit counts, present

quantum machines are still not capable of performing actual large scale quantum algorithms,

since quantum information tends to degrade too rapidly in larger systems due to error ac-

cumulation. Therefore, transforming NISQ machines to fault-tolerant quantum computers

with thousands of logical qubits remains a challenging research topic that must be addressed.

Achieving this goal will require continued improvements in qubit coherence, gate fidelities

and measurement fidelities. Moreover, as we proceed with large-scale integration of super-

conducting qubits, we also encounters more challenges. As the number of qubits increases,

the complete control over the quantum processor necessitates more sophisticated and exten-

sive classical control electronics. This leads us to explore the development of multiplexed

qubit control and readout schemes, as well as to advance classical electronics to meet these

needs. Another critical aspect that demands consideration is the type of connection archi-

tecture suitable for large-scale superconducting quantum circuits. These challenges, inherent

in the large-scale integration of superconducting qubits, have shaped the focus of my PhD

research. We aim to contribute solutions based on the central concept of exploiting para-

metric interactions in superconducting qubit systems. Namely, parametric interactions can

be used for performing qubit operations that enables full microwave, multiplexed control.

This control scheme places specific requirements on the control electronics used in the exper-

iments, which is an area I devoted substantial time to developing. Furthermore, parametric

interactions pave the way for constructing quantum processors in a modular manner. This

modular design allows us to replace faulty components and test sub-units separately, sig-

nificantly easing the demand for flawless fabrication. Moreover, this approach fosters novel

qubit-qubit connection topologies, shortening the communication distance between qubits

and potentially enabling new quantum error correction schemes.
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2.1.1.2 General formalism for a multi-mode system

In general, the Bogoliubov transformation can be applied to a quantum system of n

linear modes with all-to-all couplings. The system Hamiltonian can be written as:

Ĥ/ℏ =
i∑

i=1

ωnâ
†
i âi +

n∑
i=1

n∑
j=i+1

gij(â
†
i âj + âiâ

†
j), (19)

which can be re-written in a matrix form:

Ĥ/ℏ = Ψ†HΨ

=
[
â†1 â†2 · · · â†n

]

ω1 g12 · · · g1n

g12 ω2 · · · a2n
...

...
. . .

...

g1n g2n · · · ωn




â1

â2
...

ân


(20)

Here, we denote Ψ as a column vector that consists of the annihilation operators (â1, ..., ân)

for each linear mode, and H is a numeric matrix (not an operator) that contains the bare

mode frequencies (ω1, ..., ωn) and the coupling coefficients gij. By nature, H is always a

Hermitian matrix, and we assume that all the mode frequencies are distinct from each other.

Then, there should always exist a unitary matrix U (the eigenvector matrix of H) that can

diagonally decompose H, i.e.

H = UH′U†

=


u11 u12 · · · u1n

u21 u22 · · · u2n
...

...
. . .

...

un1 un2 · · · unn




ω′
1 0 · · · 0

0 ω′
2 · · · 0

...
...

. . .
...

0 0 · · · ω′
n




u11 u∗21 · · · u∗n1

u12 u22 · · · u∗n2
...

...
. . .

...

u1n u2n · · · unn


(21)

The diagonal elements in H′ correspond to eigenvalues of H, which equal to the dressed

mode frequencies. Therefore, finding the Bogoliubov transformation that diagonalizes the
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however, is non-zero and can be calculated as:

V
(1)
i =

∑
j ̸=i

gij
ωi − ωj

V
(0)
j =

∑
j ̸=i

λijV
(0)
j , (27)

where V
(0)
j is the jth eigenvector of the unperturbed matrix H0,D, which is essentially the jth

column of an Identity matrix. The second-order correction to the eigenvalues is given by:

E
(2)
i =

∑
j ̸=i

g2ij
ωi − ωj

=
∑
j ̸=i

λijgij (28)

Therefore, to the lowest order of energy and eigenvector corrections, the characteristic matrix

H0 can be diagonally decomposed as:

H0 ≈ U0H
′
0U

†
0

=


1 λas λbs

−λas 1 0

−λbs 0 1



ωs − λasgas − λbsgbs 0 0

0 ωa + λasgas 0

0 0 ωb + λbsgbs




1 −λas −λbs
λas 1 0

λbs 0 1

 ,
(29)

which indicates that the Bogoliubov transformation that diagonalizes the Hamiltonian Ĥ0,L

will transform the annihilation operators as:
ŝ′

â′

b̂′

 ≈ U0


ŝ

â

b̂

 =


1 λas λbs

−λas 1 0

−λbs 0 1



ŝ

â

b̂

 , (30)

and give the diagonalized Hamiltonian:

Ĥ′
0,L/ℏ = ÛB,0Ĥ0,LÛ

†
B,0/ℏ

= ω′
sŝ

†ŝ + ω′
aâ

†â + ω′
bb̂

†b̂,
(31)

with the dressed mode frequencies:

ω′
s ≈ ωs − λasgas − λbsgbs (32a)

ω′
a ≈ ωa + λasgas (32b)

ω′
b ≈ ωb + λbsgbs (32c)
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in which k + l + m = n, and Cklm is the binomial coefficient from the expansion of the

non-linear term. Therefore, if an addition linear mode (AN+1) is coupled to the S mode, the

coefficient for the multi-wave mixing term ĤNWM(k, l,m) will be decreased (diluted) by a

factor of ∼ 1
2k
λ2kN+1,s =

1
2k

(
g
N+1

ω
N+1

−ωs

)2k
.

Propagation of non-linearity. In the chained coupling scheme, the non-linear mode S

is directly coupled with one linear mode A1, and the linear modes (A1−AN)are consecutively

coupled with each other in sequence. The system Hamiltonian can be written as:

Ĥchain,L/ℏ = ωsŝ
†ŝ +

N∑
i=1

ωiâ
†
i âi + g1s

(
â†1ŝ+ âiŝ

†
)
+

N−1∑
i=1

gi,i+1

(
â†i âi+1 + âiâ

†
i+1

)
, (40)

and the characteristic coupling matrix takes the form of a symmetric ‘tridiagonal’ matrix:

Hchain =



ωs g1s 0 0 · · · 0

g1s ω1 g12 0 · · · 0

0 g12 ω2 g23 · · · 0

0 0 g23
. . . . . . 0

...
...

...
. . . ω

N−1
g
N−1,N

0 0 0 0 g
N−1,N

ω
N


(41)

Once again, we assume that all the couplings are within the dispersive regime, i.e.,

|λ1s| =
∣∣∣ gis
ωi−ωs

∣∣∣≪ 1 and |λi,i+1| =
∣∣∣ gi,i+1

ωi−ωi+1

∣∣∣≪ 1. The eigenvectors of the matrixHchain can be

calculated by iteratively applying the perturbation method. To determine the participation

of the last linear mode An in the dressed S mode, we perform the perturbation calculation

up to the N th order, which yields:

ŝ′ ≈ ŝ+
N∑
i=1

(
λ1s

i−1∏
j=1

λj,j+1

)
âi (42)

Therefore, in the multi-wave-mixing term derived from the original non-linearity of the

S mode (i.e. the terms from the expansion of gn(ŝ+ ŝ
†)n), the modes further down the chain

share less non-linearity from the S mode. Each additional step of concatenation, for example

from the N th mode to (N +1)th mode, decreases the strength of the multi-wave-mixing term

by approximately λN,N+1 =
g
N,N+1

ω
N
−ω

N+1
.
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Figure 3: Sub-harmonic single-qubit control via a non-linear coupler and in a

single transmon. a) Coupling diagram between a non-linear coupler (labeled in green)

with nth non-linearity and a qubit mode (labeled in orange) with frequency ωq. The sub-

harmonic qubit control can be performed by applying an external pump on the coupler

mode with frequency ωp = ωq/(n − 1). b) “Chevron” plot obtained from the experiment

that shows the Rabi oscillation of the qubit under the sub-Harmonic drive, which indicates

the sub-harmonic driving scheme’s ability to perform arbitrary single qubit control. c) Sub-

harmonic control scheme using the 4th order non-linearity of the transmon qubit itself. The

pump is directly applied on the qubit at frequency ωp ≈ ωq/3. d) Spectrum of the mode

frequencies and potential driving frequencies for single qubit control of a transmon. The

commonly observed transitions, namely the two-photon |g⟩− |f⟩ transition and the |e⟩− |f⟩

transition, are both relatively close to the major |g⟩ − |e⟩ transition. In contrast, the three

photon |g⟩ − |e⟩ transition lies much further below in frequency, therefore has usually been

overlooked.
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