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Creating directional quantum-limited amplification using multiple parametric

drives

Tzu-Chiao Chien, PhD

University of Pittsburgh, 2020

One of the primary requirements for superconducting quantum information processors

is high-fidelity, quantum non-demolition qubit readout. In superconducting circuits, we

perform measurements with quantum-limited microwave amplifiers. These amplifiers are

based on microwave cavities and powered by Josephson-junction based nonlinearities, which

we drive to parametrically modulate the circuit and generate gain. However, cavity-based

amplifiers generally suffer from a fixed gain-bandwidth product, a limited dynamic range,

and the absence of directionality, and so they must be operated with external lossy microwave

commercial components such as circulators.

Many of these limitations can be circumvented by combining multiple parametric pro-

cesses in a few-mode device, in particular by combining parametric drives which produce gain

and those which produce gainless photon conversion. By combining balanced gain and con-

version processes between a pair of modes, we have demonstrated transmission-only, phase-

sensitive, gain-bandwidth-free amplification. We have also used measurements of transmon

qubits with this mode of amplification to demonstrate its practical utility. More, by combin-

ing multiple instances of imbalanced gain and conversion processes among three modes, we

have realized devices with non-reciprocal, transmission-only amplification, matched ports,

and a large, gain-independent bandwidth.

One of the biggest challenges in tuning multiple parametric processes is both inherent

and dynamically-generated higher order nonlinearities in the device, which shift mode fre-

quencies and parametric coupling strengths with pump power, preventing accurate balancing

of the parametric processes. These can be controlled through engineering the Hamiltonian

of the nonlinear element, in this thesis either a linearly-shunted Josephson Ring Modulator

or SNAIL (Superconducting Nonlinear Asymmetric Inductive eLements), which for certain

applied flux values can minimize or even change the sign of higher-order even nonlinearities.

Additionally, we have explored a range of circuit parameters, allowing us to also control the
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relative size of odd-order nonlinearities. We have developed a series of prototypes which

implement these concepts, and have achieved both high-dynamic range singly pumped am-

plifiers, and a promising platform for multi-parametric devices. We conclude by presenting

recent progress towards implementing multiple parametric schemes that generates a prac-

tical directional amplifier, and discuss the remaining obstacles to a truly ideal parametric

amplifiers
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Figure 9: Phase-preserving amplification. The coherent input signal centers at (̄I, Q̄)

with a noise disk with standard deviation σI = σQ. The amplification process enlarges both

quadratures. This results in an output signal at the center (
√
GĪ,
√

GQ̄).

phase-sensitive amplification process preserves the total amount of noise, in contrast to the

noise added from phase-preserving amplification. To operate a phase-sensitive amplifier in

experiments, one needs to stabilize the pump phase carefully, since which input quadrature

is amplified ispump phase-dependent.

2.3 The scattering matrix

Scattering matrices (S-parameters) are based on the concept of incident and exiting

waves. By using incident and exiting waves, a linear network can be characterized by a set

of simultaneous equations describing the exiting waves from each port in terms of the incident

waves at all the ports. The constants that characterize the network under these conditions

are called S parameters. To derive these S matrices, we start from the Hamiltonian and the

Quantum Langevin equation, then use the input-output relations to obtain the final result.
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as a function of creation and destruction operators. Hence, we obtain

Hcoupling

h̄
= gabc

[(
â+ â†

)(
b̂+ b̂†

)(
ĉ+ ĉ†

)]
(2.3)

where gabc (a.k.a. g3) is the inherent ( bias flux-dependent) three-wave mixing strength.

Parametric processes are powerful tools because one can choose terms from Hcoupling to

operate on and eliminate others. Because of this, one can engineer a Hamiltonian of choice

with parametric processes. In this section, the basic parametric processes will be discussed

followed by constructing a directional amplifier with multiple parametric processes.

From this point forward in this dissertation, I will drop the “hats” on the operators when

it is clear from context that it is an operator and not a complex number.

Three-mode  
mixing  

element 

𝑄𝑎 

𝛷𝑎 

𝛷𝑐 𝛷𝑏 

𝑄𝑏 
𝑄𝑐 

Figure 11: Schematic of a typical three-mode device. A typical three-mode device

shares the same non-linear inductance contributed from the three wave mixing element,

which generates the three wave coupling.

2.3.2.1 Coherent amplification : gain

Using the c mode as a pump mode, meaning sending pump photons into port c at the

pump frequency, mode a and mode b can be coupled together by setting the pump frequency
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Figure 14: Gain versus normalized pump strength. The biggest drawback of the single

gain process is that the gain goes to infinity at the critical pump power, Pc. When the pump

power is stronger than Pc, the circuit enters the spontaneous parametric oscillation regime,

where the system is unstable. κa = κb = 1 is used to generate this plot.

frequency to another mode’s. This is analogous to a photon hopping from one mode to

another. For this process, the pump frequency is at the difference of two modes’ frequencies

instead of the sum, ωp = |ωa−ωb|. Again, after assuming the pump tones are far away from

mode c, we can apply the stiff pump approximation and the rotating wave approximation

to eliminate high oscillation terms. The Hamiltonian of this process is the following

H

h̄
= ωaa

†a+ ωbb
†b+ g3[a†b〈c〉∗ + ab†〈c〉] (2.13)

Following the same procedure as for gain, we derive the scattering matrix for the con-
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𝜔𝑝 = 𝜔𝑎 − 𝜔𝑏 𝜔𝑝 = 𝜔𝑎 − 𝜔𝑏 

𝑎 𝑏 𝑏† 𝑎† 

𝑐𝑐 *

Figure 15: Body diagram of conversion. The pump tone is applied on the mode c at the

difference of two other modes’ frequencies. This process links a mode’s creation/annihilation

mode to another mode’s creation/annihilation operators.

measurements or calculations based on microwave power, the observed result will not be 0

dB, rather larger or smaller (if the photons are converted up or down, respectively) by the

ratio of the input/output frequencies involved. Students should watch out for this factor,

particularly in Microwave Office simulations, which are not based on quantum Hamiltonian.

2.4 Coupled mode theory

The response of multi-mode coupled systems can be challenging to understand using

conventional approaches that focus on the Hamiltonian or the resulting coupled equations

of motion, especially in cases with several modes. However, the basic properties available to

a system, such as impedance matching, gain, bandwidth, directionality, isolation, etc., are

actually determined by the structure of the network topology created by the couplings. In

this section, a pictorial representation of this network can be useful in understanding these
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Figure 18: Body diagram of GC amplification. Start with a three-mode system and

apply both gain and conversion pumps simultaneously on the c mode. Because mode c is

treated as the pump mode and not involved in the parametric process, mode c is not shown

in the coupling diagram. The dashed lines represent the gain process, which couples a/b to

b†/a†, and the solid lines are the conversion process, which couples a/b† to b/a†.

Assume modes a and b communicate with the outside at the rates κa and κb, respectively.

We can construct the M -matrix with the basis
(
a, b, a†, b†

)
.


κa/2− iδ ie−iφabgab 0 ie−iθabfab

ieiφabgab κb/2− iδ ie−iθabfab 0

0 −ieiθabfab κa/2 + iδ +ieiφabgab

−ieiθabfab 0 −ie−iφabgab κb/2 + iδ

 (2.22)

where gab = gc|c| and fab = gg|c| with pump phase θab and φab, respectively. With the

M -matrix, we can calculate the S-matrix and obtain the equation of gain and reflection for

GC amplification.

√
G(δ) =

igeiφab

f 2 − g2 + (δ/κa + i/2)(δ/κb + i/2)
(2.23)

√
R(δ) =

−f 2 + g2 − (δ/κa − i/2)(δ/κb + i/2)

f 2 − g2 + (δ/κa + i/2)(δ/κb + i/2)
(2.24)
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Figure 20: Scattering matrix of the GC amplification. When both parametric pro-

cesses’ power are equivalent, the rate of generating photons is the same as that of converting.

The result implies that in reflection, Saa and Sbb, only receive one photon, therefore unity

gain can be observed. Alternatively, When the converting rate is higher than the rate of

generating photons, then no any photon exists in reflection. Therefore, a large dip is found.

For both cases, gain only appears in transmission, Sab and Sba. An interesting outcome is

that in the imbalanced scenario, bandwidth is larger.

as shown by a black dashed line along the diagonal. Following the black line in transmission,

the gain appears as pump strength becomes stronger, and we obtain a device with gain in

transmission with only unity in reflection. Interestingly, when the conversion pump satisfies

this condition, gab = 1
2

√
κaκb + 4f 2

ab, we obtain amplification where there is no signal in

reflection but gain in transmission, which is the criteria for a matched device.

We also plot the scattering matrix as a function of δ for both scenarios. Reflection in
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the upper or lower paths. The lower path collects only the path phase whereas the upper

path gathers path phase and a phase shift contributed from the sample. When photons are

detected, the phase difference between the two paths is θ, the phase from the sample. Hence,

the outcome is affected by θ.

𝑎𝑖𝑛 

𝑎𝑜𝑢𝑡 

Beam-splitter 

Beam-splitter 

Sample, �} 

Figure 23: Mach-Zehnder interferometer. An input signal splits into two and travels

along different paths. The sample arm provides additional phase θ. These two paths meet at

the output port and detection will show constructive or destructive interference dependent

on θ.

A similar concept can be applied to parametric processes. The coupling diagram indi-

cates how signal flows from the input to the output. The input signal is the source in the

interferometer, and the outcomes are the outgoing waves. The number of paths depends

on the number of parametric processes; i.e. more paths are generated as more pumps are

introduced.

In principle, the Mach-Zehnder interferometer is a reciprocal device, meaning when the

incoming/outgoing ports switch roles, the result remains the same as long as the sample is

also reciprocal. Alternatively, the parametric processes do not guarantee reciprocity because

the reverse processes introduce an opposite sign in pump phase. Another difference from the

Mach-Zehnder interferometer is that the strength of photons on each path is the same, so the
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