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One of the primary requirements for superconducting quantum information processors
is high-fidelity, quantum non-demolition qubit readout. In superconducting circuits, we
perform measurements with quantum-limited microwave amplifiers. These amplifiers are
based on microwave cavities and powered by Josephson-junction based nonlinearities, which
we drive to parametrically modulate the circuit and generate gain. However, cavity-based
amplifiers generally suffer from a fixed gain-bandwidth product, a limited dynamic range,
and the absence of directionality, and so they must be operated with external lossy microwave
commercial components such as circulators.

Many of these limitations can be circumvented by combining multiple parametric pro-
cesses in a few-mode device, in particular by combining parametric drives which produce gain
and those which produce gainless photon conversion. By combining balanced gain and con-
version processes between a pair of modes, we have demonstrated transmission-only, phase-
sensitive, gain-bandwidth-free amplification. We have also used measurements of transmon
qubits with this mode of amplification to demonstrate its practical utility. More, by combin-
ing multiple instances of imbalanced gain and conversion processes among three modes, we
have realized devices with non-reciprocal, transmission-only amplification, matched ports,
and a large, gain-independent bandwidth.

One of the biggest challenges in tuning multiple parametric processes is both inherent
and dynamically-generated higher order nonlinearities in the device, which shift mode fre-
quencies and parametric coupling strengths with pump power, preventing accurate balancing
of the parametric processes. These can be controlled through engineering the Hamiltonian
of the nonlinear element, in this thesis either a linearly-shunted Josephson Ring Modulator
or SNAIL (Superconducting Nonlinear Asymmetric Inductive eLements), which for certain
applied flux values can minimize or even change the sign of higher-order even nonlinearities.

Additionally, we have explored a range of circuit parameters, allowing us to also control the
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relative size of odd-order nonlinearities. We have developed a series of prototypes which
implement these concepts, and have achieved both high-dynamic range singly pumped am-
plifiers, and a promising platform for multi-parametric devices. We conclude by presenting
recent progress towards implementing multiple parametric schemes that generates a prac-
tical directional amplifier, and discuss the remaining obstacles to a truly ideal parametric

amplifiers






























Acknowledgements

My enriching journey towards a Ph.D. could not have been accomplished without the
help of numerous people. I would like to begin by thanking my advisor, Prof. Michael
Hatridge, for giving me a chance to work in Hatlab. His enthusiasm and dedication to both
research and his students has always been extremely beneficial to me. Michael gave me the
freedom to be creative in coming up with new ideas for experiments and solutions. I am
grateful for his continued guidance throughout my Ph.D., both academic-wise and and with
life in general.

Moreover, I am indebted to my committee members, David Snoke, Roger Mong, Andrew
Zentner, and David Waldeck, for taking time out of their busy schedules to guide me on my
research. Because of you, I realize there is more physics to learn, and there are different
approaches to the same physics problems.

I also want to thank Joe Aumentado and Katrina Cicak. I really enjoyed my time
working at NIST. Mainly, I am grateful for both your time in teaching me science and
patience for showing me fabrication. Getting to spend two months working at NIST will be
an unforgettable memory.

For most of my Ph.D., I had the auspicious opportunity to work with three people:
Ganggiang Liu, Olivia Lanes, and Xi Cao. Thank you for always being patient with my
questions. Thank you, Gangqgiang, for always been there when I needed help. I still remember
how you stayed late multiple nights to teach me how to use the measurement equipment.
Thank you, Olivia, for always being a good listener when I needed someone to talk to, and
overcoming experimental challenges with me together. The truth is you are not annoying; I
really enjoy working with you and sometimes you ask questions that I've never even thought
about. Thank you, Xi, for teaching me coding skills and always doing me a favor when I
needed it. You have such a calming and relaxed demeanor that I never felt quite as stressed
when talking to you.

To Pinlei Lu, Chao Zhou, Maria Mucci, and Ryan Kaufman, thank you for a.) being

responsible and helpful when lab needed an extra hand b.) being willing to listen to my

XV



anxieties and encouraging me in a positive direction. For Pinlei and Chao, my drinking
buddies, there is always a great deal of time that passes between the times we talk or get
together, but it never ceases to amaze me that when we gather and after a few drinks, it
feels like we can overcome every challenge.

[ am also fortunate to have plenty of great friends that have also helped me along the
way. Azarin Zarassi taught me plenty of fabrication tricks and discussed interesting physics
with me during our daily walks to the coffee store. Chenxu Liu patiently taught me the
theoretical parts of the amplifier. Edan Alpern and Sarah Motz are cheerful all the time and
bring joy to the lab. People were always laughing when you were around.

Of course, I will never forget the delicious cookies/cakes/meals from Cate. Thank you
for refilling our energy when we were exhausted. Also, Hank Hatridge, our little helper,
who reminded us when we made a bad decision in the lab. Moreover, thanks for your bold
courage in life, for example, reminding others to “get out of the way” when we are stuck at
an airport gate whilst tying to board the plane.

[ am also thankful to my fiance, Catherine Tsao. I am so grateful for you because you
never left my side when I was going through it. You made sure that I had someone who
would be with me, to hold my hand, and offer general emotional support. I don’t need to
tell you what I need, but you always know what it is somehow. Thank you for making time
for me no matter how busy you get.

Finally, to my sister, who always make me happy and is willing to share my burden. I
was delighted to have you around with me in the last few years. I got to know you better
and watched you grow as an independent person. To my parents, who have always believed
in me and supported me, you are the reasons for who I am today. Thank you for your

unconditional love, and I really love you too.

Xvi



















































JG (o7 + 1/4)

H Amp

v
v

Figure 9: Phase-preserving amplification. The coherent input signal centers at (I, Q)
with a noise disk with standard deviation o1 = 0g. The amplification process enlarges both

quadratures. This results in an output signal at the center (\/@I, \/@Q)

phase-sensitive amplification process preserves the total amount of noise, in contrast to the
noise added from phase-preserving amplification. To operate a phase-sensitive amplifier in
experiments, one needs to stabilize the pump phase carefully, since which input quadrature

is amplified ispump phase-dependent.

2.3 The scattering matrix

Scattering matrices (S-parameters) are based on the concept of incident and exiting
waves. By using incident and exiting waves, a linear network can be characterized by a set
of simultaneous equations describing the exiting waves from each port in terms of the incident
waves at all the ports. The constants that characterize the network under these conditions
are called S parameters. To derive these S matrices, we start from the Hamiltonian and the

Quantum Langevin equation, then use the input-output relations to obtain the final result.
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as a function of creation and destruction operators. Hence, we obtain

Heomwtig _ g N(a+at) (1) (¢ + ) (2.3)

where gape (a.k.a. g3) is the inherent ( bias flux-dependent) three-wave mixing strength.
Parametric processes are powerful tools because one can choose terms from Houpiing to
operate on and eliminate others. Because of this, one can engineer a Hamiltonian of choice
with parametric processes. In this section, the basic parametric processes will be discussed
followed by constructing a directional amplifier with multiple parametric processes.
From this point forward in this dissertation, I will drop the “hats” on the operators when

it is clear from context that it is an operator and not a complex number.
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Figure 11: Schematic of a typical three-mode device. A typical three-mode device
shares the same non-linear inductance contributed from the three wave mixing element,

which generates the three wave coupling.

2.3.2.1 Coherent amplification : gain

Using the ¢ mode as a pump mode, meaning sending pump photons into port ¢ at the

pump frequency, mode a and mode b can be coupled together by setting the pump frequency
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Figure 14: Gain versus normalized pump strength. The biggest drawback of the single
gain process is that the gain goes to infinity at the critical pump power, P.. When the pump
power is stronger than P,, the circuit enters the spontaneous parametric oscillation regime,

where the system is unstable. x, = k;, = 1 is used to generate this plot.

frequency to another mode’s. This is analogous to a photon hopping from one mode to
another. For this process, the pump frequency is at the difference of two modes’ frequencies
instead of the sum, w, = |w, —ws|. Again, after assuming the pump tones are far away from
mode ¢, we can apply the stiff pump approximation and the rotating wave approximation
to eliminate high oscillation terms. The Hamiltonian of this process is the following

H
7 = waa'a 4 wpb™ + gs[a’(c)* + ab(c)] (2.13)

Following the same procedure as for gain, we derive the scattering matrix for the con-
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Figure 15: Body diagram of conversion. The pump tone is applied on the mode ¢ at the
difference of two other modes’ frequencies. This process links a mode’s creation/annihilation

mode to another mode’s creation/annihilation operators.

measurements or calculations based on microwave power, the observed result will not be 0
dB, rather larger or smaller (if the photons are converted up or down, respectively) by the
ratio of the input/output frequencies involved. Students should watch out for this factor,

particularly in Microwave Office simulations, which are not based on quantum Hamiltonian.

2.4 Coupled mode theory

The response of multi-mode coupled systems can be challenging to understand using
conventional approaches that focus on the Hamiltonian or the resulting coupled equations
of motion, especially in cases with several modes. However, the basic properties available to
a system, such as impedance matching, gain, bandwidth, directionality, isolation, etc., are
actually determined by the structure of the network topology created by the couplings. In

this section, a pictorial representation of this network can be useful in understanding these
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Figure 18: Body diagram of GC amplification. Start with a three-mode system and
apply both gain and conversion pumps simultaneously on the ¢ mode. Because mode c is
treated as the pump mode and not involved in the parametric process, mode c is not shown
in the coupling diagram. The dashed lines represent the gain process, which couples a/b to

bl /a, and the solid lines are the conversion process, which couples a/bf to b/a'.

Assume modes a and b communicate with the outside at the rates x, and ks, respectively.

We can construct the M-matrix with the basis (a, b, al, bT).

Ka/2 — 10 ie""abg.y 0 e~ £
ie'®ab Ky/2 —i6 e b 0
Gab b/' Jab | (2'22)
0 —iefeb fon Ko /2 +10  +iee gy,
—iean foo 0 —ie"®ab gy Kp/2 + i

where ga, = gc|c| and fa, = g4|c| with pump phase 6,, and ¢y, respectively. With the
M-matrix, we can calculate the S-matrix and obtain the equation of gain and reflection for

GC amplification.

B Z‘gei%b
VeO) = e G 00 17D (2.23)

g (0 ke — D+ i/2)
VRO) =~ s/ TR0 T D) (2:24)
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Scattering Matrix
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Figure 20: Scattering matrix of the GC amplification. When both parametric pro-
cesses’ power are equivalent, the rate of generating photons is the same as that of converting.
The result implies that in reflection, S,, and S, only receive one photon, therefore unity
gain can be observed. Alternatively, When the converting rate is higher than the rate of
generating photons, then no any photon exists in reflection. Therefore, a large dip is found.
For both cases, gain only appears in transmission, Sy, and S,,. An interesting outcome is

that in the imbalanced scenario, bandwidth is larger.

as shown by a black dashed line along the diagonal. Following the black line in transmission,
the gain appears as pump strength becomes stronger, and we obtain a device with gain in
transmission with only unity in reflection. Interestingly, when the conversion pump satisfies
this condition, g., = %\/m, we obtain amplification where there is no signal in
reflection but gain in transmission, which is the criteria for a matched device.

We also plot the scattering matrix as a function of § for both scenarios. Reflection in
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the upper or lower paths. The lower path collects only the path phase whereas the upper
path gathers path phase and a phase shift contributed from the sample. When photons are
detected, the phase difference between the two paths is @, the phase from the sample. Hence,
the outcome is affected by 6.
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Figure 23: Mach-Zehnder interferometer. An input signal splits into two and travels
along different paths. The sample arm provides additional phase 6. These two paths meet at
the output port and detection will show constructive or destructive interference dependent

on 6.

A similar concept can be applied to parametric processes. The coupling diagram indi-
cates how signal flows from the input to the output. The input signal is the source in the
interferometer, and the outcomes are the outgoing waves. The number of paths depends
on the number of parametric processes; i.e. more paths are generated as more pumps are
introduced.

In principle, the Mach-Zehnder interferometer is a reciprocal device, meaning when the
incoming/outgoing ports switch roles, the result remains the same as long as the sample is
also reciprocal. Alternatively, the parametric processes do not guarantee reciprocity because
the reverse processes introduce an opposite sign in pump phase. Another difference from the

Mach-Zehnder interferometer is that the strength of photons on each path is the same, so the
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